Introduction
In [Na] we have dealt with a deformation of a projective symplectic variety. This paper, on the contrary, deals with a deformation of a local symplectic variety. More exactly, we mean by a local symplectic variety, a normal variety X satisfying 1. there is a birational projective morphism from X to an affine normal variety Y , 2. there is an everywhere non-degenerate d-closed 2-form ω on the regular part U of X such that, for any resolution π :X → X with π −1 (U) ∼ = U, ω extends to a regular 2-form onX.
In the remainder, we call such a variety a convex symplectic variety. A convex symplectic variety has been studied in [K-V] , [Ka 1] and [G-K] . One of main difficulties we meet is the fact that tangent objects T 1 X and T 1 Y are not finite dimensional, since Y may possibly have non-isolated singularities; hence the usual deformation theory does not work well. Instead, in [K-V] , [G-K] , they introduced a Poisson scheme and studied a Poisson deformation of it. A Poisson deformation is the deformation of the pair of a scheme itself and a Poisson structure on it. When X is a convex symplectic variety, X admits a natural Poisson structure induced from a symplectic 2-form ω; hence one can consider its Poisson deformations. Then they are controlled by the Poisson cohomology. The Poisson cohomology has been extensively studied by Fresse [Fr 1] , [Fr 2] . In some good cases, it can be described by well-known topological data (Corollary 10). The first application of the Poisson deformation theory is a partial analogue of [Na] , Corollary 2.
A typical situation in our mind is the case this diagram is a flop. Corollary 23 has been proved in [Ka 1] under certain restrictive assumptions. The contents of this paper are as follows. In §1 we introduce the Poisson cohomology of a Poisson algebra according to Fresse [Fr 1] , [Fr 2] . In Propositions 5, we shall prove that a Poisson deformation of a Poisson algebra is controlled by the Poisson cohomology. In particular, when the Poisson algebra is smooth, the Poisson cohomology is computed by the Lichnerowicz-Poisson complex. Since the Lichnerowicz-Poisson complex is defined also for a smooth Poisson scheme, one can define the Poisson cohomology for a smooth Poisson scheme. In §3, we restrict ourselves to the Poisson structures attached to a convex symplectic variety X. When X is smooth, the Poisson cohomology can be identified with the truncated De Rham cohomology (Proposition 9). When X has only terminal singularities, its Poisson deformations are the same as those of the regular locus U of X. Thus the Poisson deformations of X are controlled by the truncated De Rham cohomology of U. Main results of this section are Theorem 14 and Corollary 15 which assert that, the Poisson deformation functor of a convex symplectic variety with terminal singularities, has a pro-representable hull and it is unobstructed. The contents of §2 and §3 are more or less already known. But we reproduce them here so that they fit our aim and our context. (see also [G-K] , Appendix). The last section §4 is the main contribution of this paper. After introducing a twistor deformation according to Kaledin [Ka 1], we shall prove two main theorems of this paper:
Theorem 19. Let X be a convex symplectic variety with terminal singularities. Let (X, { , }) be the Poisson structure induced by the symplectic form on the regular part. Assume that X an is Q-factorial. Then any Poisson deformation of (X, { , }) is locally trivial as a flat deformation (after forgetting Poisson structure).
Theorem 22. Let X be a convex symplectic variety with terminal singularities. Let L be a (not necessarily ample) line bundle on X. Then the twistor deformation {X n } n≥1 of X associated with L is locally trivial as a flat deformation.
Corollary 21 and Corollary 23 are actually corollaries to Theorem 19 and Theorem 22 respectively. The author would like to thank A. Fujiki for the discussion on Lemma A.8 in the Appendix.
Poisson deformations
(i) Harrison cohomology: Let S be a commutative C-algebra and let A be a commutative S-algebra. Let S n be the n-th symmetric group. Then S n acts from the left hand side on the n-tuple tensor product A ⊗ S ... ⊗ S A as π(a 1 ⊗ ... ⊗ a n ) := a π −1 (1) ⊗ ... ⊗ a π −1 (n) , where π ∈ S n . This action extends naturally to an action of the group algebra C[S n ] on A ⊗ S ... ⊗ S A. For 0 < r < n, an element π ∈ S n is called a pure shuffle of type (r, n − r) if π(1) < ... < π(r) and π(r + 1) < ... < π(n). Define an element s r,n−r ∈ C[S n ] by s r,n−r := Σsgn(π)π, where the sum runs through all pure shuffles of type (r, n − r). Let N be the S-submodule of A ⊗ S A... ⊗ S A generated by all elements {s r,n−r (a 1 ⊗ ... ⊗ a n )} 0<r<n, a i ∈A .
Define ch n (A/S) := (A ⊗ S A... ⊗ S A)/N. Let M be an A-module. Then the Harrison chain {ch · (A/S; M)} is defined as follows:
1. ch n (A/S; M) := ch n (A/S) ⊗ S M 2. the boundary map ∂ n : ch n (A/S; M) → ch n−1 (A/S; M) is defined by ∂ n (a 1 ⊗ ... ⊗ a n ⊗ m) := a 1 ⊗...⊗a n m+Σ 1≤i≤n−1 (−1) n−i a 1 ⊗...⊗a i a i+1 ⊗...⊗a n ⊗m+(−1) n a 2 ⊗...⊗a n ⊗a 1 m.
We define the n-th Harrison homology Har n (A/S; M) just as the n-th homology of ch · (A/S; M).
The Harrison cochain {ch · (A/S; M)} is defined as follows 1. ch n (A/S; M) := Hom S (ch n (A/S), M)
2. the coboundary map d n : ch n (A/S; M) → ch n+1 (A/S; M) is defined by (d n f )(a 1 ⊗ ... ⊗ a n+1 ) := (−1) n+1 a 1 f (a 2 ⊗ ... ⊗ a n+1 ) +Σ 1≤i≤n (−1) n+1−i f (a 1 ⊗ ... ⊗ a i a i+1 ⊗ ... ⊗ a n+1 ) + f (a 1 ⊗ ... ⊗ a n )a n+1 .
We define the n-th Harrison cohomology Har n (A/S; M) as the n-th cohomolgy of ch · (A/S; M).
Example 1. Assume that S = C. Then ch 2 (A/C; A) = Sym 2 C (A) ⊗ C A and ch 1 (A/C; A) = A ⊗ C A. The boundary map ∂ 2 is defined as ∂ 2 ([a 1 ⊗ a 2 ] ⊗ a) := a 1 ⊗ a 2 a − a 1 a 2 ⊗ a + a 2 ⊗ a 1 a.
We see that im(∂ 2 ) is a right A-submodule of A ⊗ C A. Let I ⊂ A ⊗ C A be the ideal generated by all elements of the form a ⊗ b − b ⊗ a with a, b ∈ A. Then we have a homomorphism of right A-modules I → (A ⊗ C A)/im(∂ 2 ). One can check that its kernel coincides with I 2 . Hence we have Ω 1 A/C ∼ = Har 1 (A/C; A).
In fact, the Harrison chain ch · (A/C; A) is quasi-isomorphic to the cotangent complex L · A/C for a C-algebra A (cf. [Q] ). Let A and S be the same as above. We put S Here * just means the corresponding ring structure. Then we define Aut( * , S) to be the set of all S[ǫ]-algebra automorphisms of (A⊗ S S[ǫ], * ) which induces the identity map of A over S.
module; hence a * ǫ = aǫ and aǫ * ǫ = 0. Then a * (bǫ) = a * (b * ǫ) = (a * b) * ǫ = {ab + φ(a, b)ǫ} * ǫ = abǫ + φ(a, b) * (ǫ * ǫ) = abǫ.
Similarly, we have (aǫ) * (bǫ) = 0. Therefore, * is determined completely by φ. By the commutativity of * , φ ∈ Hom S (Sym 2 S (A), A). By the associativity:
This condition is equivalent to that φ ∈ Ker(d 2 ), where d 2 is the 2-nd coboundary map of the Harrison cochain. Next let us observe when two ring structures * and * ′ are equivalent. As above, we write a * b = ab + ǫφ(a, b) and a
This implies that φ ′ − φ ∈ im(d 1 ).
Remark 3. Assume that S is an Artinian ring and A is flat over S. Then A is a free S-module and for any flat extension
(ii) Poisson cohomology: Let A and S be the same as (i). Assume that A is a free S-module. Let us consider the graded free S-module ch · (A/S) := ⊕ 0<m ch m (A/S) and take its super-symmetric algebra S(ch · (A/S)). By definition, S(ch · (A/S)) is the quotient of the tensor algebra T (ch · (A/S)) := ⊕ 0≤n (ch · (A/S)) ⊗n by the two-sided ideal M generated by the elements of the form:
pq b ⊗ a, where a ∈ ch p (A/S) and b ∈ ch q (A/S). We denote byS(ch · (A/S)) the truncation of the degree 0 part. In other words,
Now let us consider the graded A-modulē
The Harrison boundary maps ∂ on ch · (A/S) ⊗ S A naturally extends to those on
by a 1 · · · a n ∈ S n A (ch · (A/S) ⊗ S A) their super-symmetric product. We then define ∂ inductively as ∂(a 1 ...a n ) := ∂(a 1 )a 2 ...a n + (−1) p 1 a 1 · ∂(a 2 ...a n ).
In this way, each S n A (ch · (A/S) ⊗ S A) = S n (ch · (A/S)) ⊗ S A becomes a chain complex. By taking the dual,
becomes a cochain complex:
Here we abbreviate ch i (A/S) by ch i and Hom S (...) by Hom(...). We want to make the diagram above into a double complex when A is a Poisson Salgebra.
Definition. A Poisson S-algebra A is a commutaive S-algebra with an S-linear map { , } : ∧ 2 S A → A such that 1. {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 0 2. {a, bc} = {a, b}c + {a, c}b.
We assume now that A is a Poisson S-module such that A is a free Smodule. We putT S (A) := ⊕ 0<n (A) ⊗n . We shall introduce an S-bilinear bracket product [ , ] :
in the following manner. Take two elements fromT S (A): f = f 1 ⊗...⊗f p and g = g 1 ⊗ ... ⊗ g q . Here each f i and each g i are elements of A. Let π ∈ S p+q be a pure shuffle of type (p, q). For the convention, we put f i+p := g i . Then the shuffle product is defined as
where the sum runs through all pure shuffle of type (p, q). For each term of the sum (which is indexed by π), let I π be the set of all i such that π(i) ≤ p and
The bracket [ , ] induces that on ch · (A/S) by the quotient mapT S (A) → ch · (A/S). By abuse of notation, we denote by [ , ] the induced bracket. We are now in a position to define coboundary maps
so that Hom S (S(ch · (A/S)), A) is made into a double complex together with d already defined. We take an element of the form x 1 ···x s from S s (ch · (A/S)) with each x i being a homogenous element of ch · (A/S).
For f ∈ Hom S (S s−1 (ch · (A/S)), A), we define
Here [ , ] is the composite of [ , ] and the truncation map ch · (A/S) → ch 1 (A/S)(= A). Moreover,
We now obtain a double complex (Hom S (S(ch · (A/S)), A), d, δ). The nth Poisson cohomology HP n (A/S) for a Poisson S-algebra A is the n-th cohomology of the total complex (by d + δ) of this double complex. (2) There is a one-to-one correspondence between HP 1 (A/S) and Aut( * , { , }, S).
Proof.
(1): As explained in Proposition 2, giving an S[ǫ]-algebra structure * on A ⊕ Aǫ is equivlaent to giving ϕ ∈ Hom S (Sym
Since {a, bǫ} ǫ = {a, b * ǫ} ǫ = {a, b}ǫ and {aǫ, bǫ} = 0, the Poisson structure { , } ǫ is completely determined by ψ. By the skew-commutativity of { , }, ψ ∈ Hom S (∧ 2 S A, A). The equality {a, b * c} ǫ = {a, b} ǫ * c + {a, c} ǫ * b is equivalent to the equality
The equality
is equivalent to the equality
We claim that the equality (⋆) means δ(ϕ) + d(ψ) = 0 in the diagram:
By Example 4, (ii), we have shown that
On the other hand, for the Harrison boundary map
Since d is defined as the dual map of ∂, we see that
As a consequence, we get
By changing a and c each other, we conclude that δ(ϕ) + d(ψ) = 0. By the equality (⋆⋆) and Example 4, (iii), we see that (⋆⋆) means δ(ψ) = 0 for the map δ : Hom(∧ 2 A, A) → Hom(∧ 3 A, A). Next, let us observe when two Poisson structures (ϕ, ψ) and (ϕ ′ , ψ ′ ) (on A⊕Aǫ) are equivalent. Assume that, for f ∈ Hom S (A, A),
gives such an equivalence between both Poisson structures, where
by Proposition 2. The map χ f must be compatible with two Poisson structure:
The left hand side equals
The right hand side equals
Thus, we have
and the proof of (1) is now complete. We omit the proof of (2).
We next consider the case where A is formally smooth over S. We put 
By these maps, we have a map of complexes
Proposition 6. For a Poisson S-algebra A, assume that A is formally smooth over S and that A is a free S-module. Definition. Let T := Spec(S) and X a T -scheme. Then (X, { , }) is a Poisson scheme over T if { , } is an O T -linear map:
1. {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 0 2. {a, bc} = {a, b}c + {a, c}b.
We assume that X is a smooth Poisson scheme over T , where T = Spec(S) with a local Artinian C-algebra S with S/m S = C. Then the LichnerowiczPoisson complex can be globalized 1 to the complex on X
We define the i-th Poisson cohomology as
Remark 7. When X = Spec(A), HP i (X/T ) = HP i (A/S). In fact, there is a spectral sequence induced from the stupid filtration:
Since each LC p (X/T ) is quasi-coherent on the affine scheme X, H q (X, LC p ) = 0 for q > 0. Therefore, this spectral sequence degenerate at E 2 -terms and we have
where the right hand side is nothing but HP i (A/S) by Proposition 6.
One can generalize Proposition 5 to smooth Poisson schemes. Let S be an Artinian C-algebra and put T := Spec(S). Let X be a Poisson T -scheme which is smooth over T . We put (2) For a Poisson deformation X of X over T [ǫ] , there is a one-to-one correspondence between HP 1 (X/T ) and Aut(X , T ).
Proof. We only prove (1).
For an affine open covering U := {U i } i∈I of X, construct a double complex Γ(LC · (U, X/T )) as follows:
Here the horizontal maps areČech coboundary maps. Since each LC p is quasi-coherent, one can calculate the Poisson cohomology by the total complex associated with this double complex:
An element ζ ∈ HP 2 (X/T ) corresponds to a 2-cocycle
One can construct a Poisson deformation of X of X by patching together
is a 2-cocycle: hence gives an element of 2-ndČech cohomology.
Symplectic varieties
Assume that X 0 is a non-singular variety over C of dimension 2d. Then X 0 is called a symplectic manifold if there is a 2-form ω 0 ∈ Γ(X 0 , Ω
. The 2-form ω 0 is called a symplectic form, and it gives an identification Ω
section f of O X 0 , the 1-form df corresponds to a local vector field H f by this identification. We say that H f is the Hamiltonian vector field for f . If we put {f, g} := ω(H f , H g ), then X 0 becomes a Poisson scheme over Spec(C). Now let us consider a Poisson deformation X of X 0 over T := Spec(S) with a local Artinian C-algebra S with S/m S = C. The Poisson bracket { , } on X can be written as {f, g} = Θ(df ∧ dg) for a relative bi-vector (Poisson bi-vector) Θ ∈ Γ(X, ∧ 2 Θ X/T ). The restriction of Θ to the central fiber X is nothing but the Poisson bi-vector for the original Poisson structure, which is non-degenerate because it is defined via the symplectic form ω 0 . Hence Θ is also a non-degenerate relative bi-vector. It gives an identification of Θ X/T with Ω
Proposition 9. Assume that X is a Poisson deformation of a symplectic manifold X 0 over an Artinian base T . Then
Proof. By the symplectic form ω, we have an identification φ : Θ X/T ∼ = Ω 1 X/T ; hence, for each i ≥ 1, we get ∧ i Θ X/T ∼ = Ω i X/T , which we denote also by φ (by abuse of notation). We shall prove that φ • δ(f ) = dφ(f ) for f ∈ ∧ i Θ X/T . In order to do that, it suffices to check this for the f of the form:
We shall calculate the left hand side. In the following, for simplicity, we will not write the ± signature exactly as (−1) ... , but only write ± because it does not cause any confusion. We have
Corollary 10. Assume that X is a Poisson deformation of a symplectic manifold X 0 over an Artinian base
an is a complex analytic space associated with X 0 and S is the constant sheaf with value in S.
Proof. By the distinguished triangle
we have an exact sequence
Here
an , S); from this we obtain the result. We prove this by an induction of length C (S). We take t ∈ S such that t · m S = 0. For the exact sequence 0 → C t → S →S → 0, defineX := X × TT , whereT := Spec(S). Then we obtain a commutative diagrams of exact sequences:
By a theorem of Grothendieck [G] , the first vertical maps are isomorphisms and the third vertical maps are isomorphisms by the induction. Hence the middle vertical maps are also isomorphisms. By the Poincare lemma (cf. [De] ). we know that
Example 11. When f : X → T is a proper smooth morphism of Cschemes, by GAGA, we have
without the Artinian condition for T . But when f is not proper, the structure of
, where x and y are standard coordinates of C 2 . Let f : X → T := C be the map defined by (x, y) → x. SetT := SpecC [[x] ] and T n := SpecC[x]/(x n+1 ). DefineX := X × TT and definef to be the natural map fromX →T . Finally put X n := X × T T n . Then
Xn/Tn ) = 0. Definition. Let X 0 be a normal variety of dimenson 2d over C and let U 0 be its regular part. Then X 0 is a symplectic variety if U 0 admits a 2-form ω 0 such that
If X 0 is a symplectic variety, then U 0 becomes a Poisson scheme. Since
; by this identification, Θ 0 | U 0 corresponds to ω 0 . A symplectic variety X 0 has rational Gorenstein singularities; in other words, X has canonical singularities of index 1. When X 0 has only terminal singularities, Codim(Σ 0 ⊂ X 0 ) ≥ 4 for Σ 0 := Sing(X 0 ).
Definition. Let X 0 be a symplectic variety. Then X 0 is convex if there is a birational projective morphism from X 0 to an affine normal variety
Lemma 12. Let X n be a Poisson deformation of a convex symplectic variety X 0 over T n := Spec(S n ) with S n := C[t]/(t n+1 ). We define U n ⊂ X n to be locus where X n → S n is smooth. Assume that X 0 has only terminal singularities. Then
an with value in S n .
Proof. Since X 0 has terminal singularities, X 0 is Cohen-Macaulay and Codim(Σ 0 ⊂ X 0 ) ≥ 4. Similarly, X n is Cohen-Macaulay and Codim(Σ n ⊂ X n ) ≥ 4 for Σ n := Sing(X n → T n ). The affine normal variety Y 0 has symplectic singularities; hence Y 0 has rational singularities. This implies that
by the depth argument. By using the exact sequences
Let X n be the same as Lemma 12. Put T n [ǫ] := Spec(S n [ǫ]) with ǫ 2 = 0. As in Proposition 8, we define PD(X n /T n , T n [ǫ]) to be the set of equivalence classes of the Poisson deformations of X n over T n [ǫ] . Let X n be a Poisson deformation of X n over T n [ǫ]. Then we denote by Aut(X n , T n ) the set of all automorphisms of X n as a Poisson T n [ǫ]-scheme such that they induce the identity map of X n over T n . Then we have:
(1) There is a one-to-one correspondence between HP 2 (U n /T n ) and
(2) There is a one-to-one correspondence between HP 1 (U n /T n ) and Aut(X n .T n ).
, U n extends uniquely to an X n so that it gives a flat deformation of X n . Let us denote by j : U n → X n the inclusion map. Then, by the depth argument, we see that O Xn = j * O Un . Therefore, the Poisson structure on U n also extends uniquely to that on X n . Now Proposition 8 implies (1). As for (2), let U n be the locus of X n where X n → T n [ǫ] is smooth. Then, we see that
which implies (2) again by Proposition 8.
Let X be a convex symplectic variety with terminal singularities. We regard X as a Poisson scheme by the natural Poisson structure { , } induced by the symplectic form on the regular locus U := (X) reg . For a local Artinian C-algebra S with S/m S = C, we define PD(S) to be the set of equivalence classes of the pairs of Poisson deformations X of X over Spec(S) and Poisson isomorphisms φ : X × Spec(S) Spec(C) ∼ = X. Here (X , φ) and (X ′ , φ ′ ) are equivalent if there is a Poisson isomorphism ϕ : X ∼ = X ′ over Spec(S) which induces the identity map of X over Spec(C) via φ and φ ′ . We define the Poisson deformation functor:
Theorem 14. Let (X, { , }) be a Poisson scheme associated with a convex symplectic varieties with terminal singularities. Then PD (X,{ , }) has a pro-reprentable hull in the sense of Schlessinger. Moreover PD is prorepresentable.
Proof. We have to check Schlessinger's conditions [Sch] for the existence of a hull. By Proposition 13, PD(C[ǫ]) = H 2 (U an , C) < ∞. Other conditions are checked in a similar way as the case of usual deformations. For the last statement, we have to prove the following. Let X be a Poisson deformation of X over an Artinian base T , and letX be its restriction over a closed subschemeT of T . Then any Poisson automorphism ofX overT extends to a Poisson automorphism of X over T . Let R be the pro-representable hull of PD and put R n := R/(m R ) n+1 . Take a formal versal Poisson deformation {X n } over {R n }. Note that, if we are given an Artinian local R-algebra S with residue field C, then we get a Poisson deformation X S of X over Spec(S). We then define Aut(S) to be the set of all Poisson automorphisms of X S over Spec(S) which induce the identity map of X. Let
be the covariant functor defined in this manner. We want to prove that Aut(S) → Aut(S) is surjective for any surjection S →S. It is enough to check this only for a small extension S →S, that is, the kernel I of S →S is generated by an element a such that am S = 0. For each small extension S →S, one can define the obstruction map
in such a way that any element φ ∈ Aut(S) can be lifted to an element of Aut(S) if and only if ob(φ) = 0. The obstruction map is constructed as follows. For φ ∈ Aut(S), we have two Poisson extensions XS → X S and
This gives an element of a · HP 2 (U) (cf. Proposition 13 2 ). Obviously, if this element is zero, then these two extensions are equivalent and φ extends to a Poisson automorphism of X S .
Case 1 (S = S n+1 andS := S n ): We put S n := C[t]/(t n+1 ). We shall prove that Aut(S n+1 ) → Aut(S n ) is surjective. Taking Proposition 13, (2) into consideration, we say that X has T 0 -lifting property if, for any Poisson deformation X n of X over T n := Spec(S n ) and its restriction X n−1 over 2 Exactly, one can prove the following. Let T := Spec(S) with a local Artinian Calgebra S with S/m s = C. Let X → T be a Poisson deformation of a convex symplectic variety X 0 with only terminal singularities. Assume that T is a closed subscheme of T ′ defined by the ideal sheaf I = (a) such that a · m S ′ = 0. Denote by PD(X/T, T ′ ) the set of equivalence classes of Poisson deformations of X over
T n−1 := Spec(S n−1 ), the natural map
Claim. X has T 0 -lifting property.
Proof. Note that X n is Cohen-Macaulay. Let U n be the locus of X n where X n → T n is smooth. We put
By the proof of Corollary 10, there is an exact sequence
Since
is also surjective; hence the result follows.
Note that t → t + ǫ induces the commutative diagram of exact sequences:
Applying Aut to this diagram, we obtain
The T 0 -lifting property implies that the map Aut(
Case 2 (general case): For any small extension S →S, one can find the following commutative diagram for some n:
Applying Aut to this diagram, we get:
By Case 1, we already know that Aut(S n+1 ) → Aut(S n ) is surjective. By the commutative diagram we see that Aut(S) → Aut(S) is surjective.
Corollary 15. Let (X, { , }) be the same as Theorem 14. Then (1) X has T 1 -lifting property.
(2) PD (X,{ , }) is unobstructed. Proof.
(1): We put S n := C[t]/(t n+1 ) and T n := Spec(S n ). Let X n be a Poisson deformation of X over T n and let X n−1 be its restriction over T n−1 . By Proposition 13,(1), we have to prove that HP
we conclude that this map is surjective.
(2): By Theorem 14, PD has a pro-representable hull R. Denote by h R : (Art) C → (Set) the covariant functor defined by h R (S) := Hom local C−alg. (R, S). Since PD is pro-representable by Theorem 14, h R = PD. We write R as
2 . Let S and S 0 be the objects of (Art) C such that S 0 = S/I with an ideal I such that Im S = 0. Then we have an exact sequence (cf. [Gr, (1 
By sending t to t+ǫ, we have the commutative diagram of exact sequences:
Applying h R to this diagram, we obtain
By (1), we see that
4 Flops and Q-factoriality (i) Twistor deformations: Let X be a convex symplectic variety with terminal singularities. We put U := X reg . Let { , } be the natural Poisson structure on X defined by the symplectic form ω on U. Fix a line bundle L on X. Define a class [L] of L as the image of L by the map
We put S n := C[t]/(t n+1 ) and T n := Spec(S n ). By Proposition 13, (1), the element [L] ∈ H 2 (U an , C) determines a Poisson deformation X 1 of X over T 1 . We shall construct Poisson deformations X n over T n inductively. Assume that we already have a Poisson deformation X n over T n . Define X n−1 to be the restriction of X n over T n−1 . Since
Note that X 1 actually has this property. We shall construct X n+1 in such a way that X n+1 satisfies ( * ) n+1 . Look at the commutative diagram:
Note that we have an element
Identifying
Now, by Proposition 13,(1), we get a lifting [(
. By the standard argument used in T 1 -lifting principle (cf. proof of Corollary 15, (2)), one can find a Poisson deformation
) in the diagram above. Moreover, since PD is pro-representable, such [X n+1 ] is unique. By the construction, X n+1 satisfies ( * ) n+1 . This construction do not need the sequence of line bundles L n on X n ; we only need the sequence of line bundles on U n . For example, if we are given a line bundle L 0 on U. Then, since H i (U, O U ) = 0 for i = 1, 2, we have a unique extension L 0 n ∈ Pic(U n ). By using this, one can construct a formal deformation of X.
Definition.
(1) When L ∈ Pic(X), we call the formal deformation {X n } n≥1 the twistor deformation of X associated with L.
(2) More generally, for L 0 ∈ Pic(U), we call, the formal deformation {X n } n≥1 similarly constructed, the quasi-twistor deformation of X associated with L 0 . When L 0 extends to a line bundle L on X, the corresponding quasitwistor deformation coincides with the twistor deformation associated with L.
We next define the Kodaira-Spencer class of the formal deformation {X n }. As before, we denote by U n the locus of X n where f n : X n → T n is smooth. We put f 0 n := f n | Un . The extension class θ n ∈ H 1 (U, Θ U n−1 /T n−1 ) of the exact sequence
is the Kodaira Spencer class for f n : X n → T n . Here note that Ω
Lemma 16. Let {X n } be the twistor deformation of X associated with L ∈ Pic(X). Write L n ∈ Pic(X n ) for the extension of L to X n . Let ω n ∈ Γ(U n , Ω 2 Un/Tn ) be the symplectic form defined by the Poisson T n -scheme X n . Then
Un/Tn ), where the left hand side is the interior product.
Proof. We use the same notation in the definition of a twistor deformation. By the commutative diagram
we get the commutative diagram of exact sequences:
The second exact sequence is the Kodaira-Spencer's sequence where the first term is (f 0 ) * Ω 1 T n+1 /C and the third term is Ω
1 (U, Θ Un/Tn ) be the extension class of the first exact sequence. By the definition of (
On the other hand, the extension class of the second exact sequence is θ n+1 . Hence η = θ n+1 .
Let {X n } be the twistor deformation of X asociated with L ∈ Pic(X). For each n, we put Y n := SpecΓ(X n , O Xn ). Y n is an affine scheme over T n . Since
Note that Y ∞ is an affine variety over
. Fix an ample line bundle A on X. Since H 1 (X, O X ) = H 2 (X, O X ) = 0, A extends uniquely to ample line bundles A n on X n . Then, by [EGA III, Théorème (5.4.5)], there is an algebraization X ∞ of {X n } such that X ∞ is a projective scheme over Y ∞ and X ∞ × Y∞ Y n ∼ = X n for all n. By [ibid, Theoreme 5.4.1], the algebraization X ∞ is unique. We denote by g ∞ the projective morphism X ∞ → Y ∞ . We denote by X η and Y η the generic fibers of X ∞ → T ∞ and Y ∞ → T ∞ respectively.
Proposition 17. Assume that X is smooth and L is ample. Then g η :
Proof. Assume that there is a k(η)(= C((t)))-morphism ι : C → X η from a proper regular curve C defined over an algebraic extension of k(η) to X η . We shall prove that ι(C) is a point. We first prove that there is an element
Let θ ∞ ∈ H 1 (X ∞ , Θ X∞/T∞ ) be the extension class (Kodaira-Spencer class) of the exact sequence
) be the KodairaSpencer class for h : C → Speck(η). In other words, θ C is the extension class of the exact sequence
Then, by the compatibility of Kodaira-Spencer classes, we have
The left hand side is zero because ι * ω η = 0. On the other hand, the right hand side is ι
The following is a generalization of Proposition 17 to the singular case.
Proposition 18. Let X be a convex symplectic variety with terminal singularities and let f ∞ : X ∞ → T ∞ be the twistor deformation of X associated with a line bundle L on X. Assume that f ∞ is a locally trivial deformation of X.
(a) If L is ample, then g η : X η → Y η is an isomorphism.
(b) Let X + be another convex symplectic variety over Y with terminal singularities and assume that L becomes the proper transform of an ample line bundle L + on X + . Then g η is a small birational morphism; in other words, codimExc(g η ) ≥ 2.
Remark. The assumption of local triviality is, in fact, automatically satisfied by Theorem 22.
Proof. (i) Let U ∞ ⊂ X ∞ be the locus where f ∞ : X ∞ → T ∞ is smooth. Similarly, let U n ⊂ X n be the locus where f n is smooth. Denote by i ∞ (resp. i n ) the natural embedding of U ∞ (resp. U n ) into X ∞ (resp. X n ). We put F ∞ := (i ∞ ) * Ω 2 U∞/T∞ and F n := (i n ) * Ω 2 Un/Tn . Since f ∞ is locally trivial, F ∞ | Xn = F n . Since g ∞ is projective, by [EGA III, Théorème (4.1.5)],
Since the twistor deformation is a Poisson deformation, there is an element {ω
(iii)(Construction of a good resolution): We shall construct an equivariant resolution π η :X η → X η such that its Kodaira-Spencer classθ η ∈ H 1 (X η , ΘX η ) coincides with the Kodaira-Spencer class θ η ∈ H 1 (X η , Θ Xη ) by
By the assumption, we are given a sequence of locally trivial deformations of X:
We shall construct resolutions π n :X n → X n inductively so that there is an affine open cover
) be the Kodaira-Spencer class ofX n → T n , thenθ n coincides with the Kodaira-Spencer class θ n ∈ H 1 (X n−1 , Θ X n−1 /T n−1 ) of X n → T n becauseθ n is mapped to zero by the map
). Now assume that we are given such a resolution π n :X n → X n . Take the affine open cover {U n,i } i∈I of X n as above. We putŨ n,i := (π n ) −1 (U n,i ). For i, j ∈ I, there is an identification U n,i | U ij ∼ = U n,j | U ij determined by X n . For each i ∈ I, let U n,i andŨ n,i be trivial deformations of U n,i andŨ n,i over T n+1 respectively. For each i, j ∈ I, take a T n+1 -isomorphism
gives an automorphism of U n,i | U ijk over T n+1 such that h ijk | Tn = id. Since π n :X n → X n is an equivariant resolution, g ij extends uniquely tõ
One can consider {h ijk } as a 2-cocycle of theČech cohomology of Θ X ; hence it gives an element ob ∈ H 2 (X, Θ X ). But, since X n extends to X n+1 , ob = 0. Therefore, by modifying g ij to g ′ ij suitably, one can get
NowX n also extends toX n+1 and the following diagram commutes:
By Théorème (5.4.5) of [EGA III], one has an algebraizationX ∞ → Y ∞ of {X n → Y n }. Moreover, the morphism {π n :X n → X n } induces π ∞ :X ∞ → X ∞ . We define π η :X η → X η as generic fibers of π ∞ over T ∞ .
(iv) Let π η :X η → X η be the resolution constructed in (iii). Let i η : U η → X η be the embedding of the regular part. We put ω
by [Fl] , ω 0 η extends to
).
Let θ ∞ be the Kodaira-Spencer class of X ∞ → T ∞ . Since this deformation is locally trivial, we have θ ∞ ∈ H 1 (X ∞ , Θ X∞/T∞ ). Moreover, θ n ∈ H 1 (X n−1 , Θ X n−1 /T n−1 ) for each n. By the isomorphism
(v) We have a pairing map:
Denote by i(θ η )(ω η ) the image of (ω η , θ η ) by this pairing map. By pulling back L η by π η , one can define a class [
). Let us consider the exact sequence
Uη/k(η) by [Fl] , it is a reflexive sheaf. A reflexive sheaf on X η is locally written as the kernel of a homomorphism from a free sheaf to a torsion free sheaf. Since X η is CohenMacaulay and Codim(Σ ⊂ X η ) ≥ 2, we have
Uη/k(η) ). Therefore, by the exact sequence, we see that
(vi) Consider the pairing map
By the construction ofX η (iii), the Kodaira-Spencer classθ η ofX η → Speck(η) coincides with the Kodaira-Spencer class θ η . Hence (ω η ,θ η ) is sent to (π η ) * [L η ] by the pairing map. Now we shall prove (a). For a proper regular curve C defined over an algebraic extension field of k(η), assume that there is a k(η)-morphism ι : C →X η . We shall prove that (π η ) • ι(C) is a point. By the compatibility of the Kodaira-Spencer classes, we have
The left hand side is zero because ι * ω η = 0. The right hand side is ι * (π η ) * [L η ] as we just remarked above. If π η • ι(C) is not a point, then this is not zero because L η is ample; but this is a contradiction.
Next we shall prove (b). We shall derive a contradiction assuming that g ∞ : X ∞ → Y ∞ is a divisorial birational contraction. We put E ∞ := Exc(g ∞ ). By the assumption, there is another convex symplectic variety X + over Y , and X and X + are isomorphic in codimension one over Y . Let F ⊂ X (resp. F + ⊂ X + ) be the locus where the birational map X − − → X + is not an isomorphism. Then codim(F ⊂ X) ≥ 2. We shall prove that (L,C) > 0 for any proper irreducible curveC which is not contained in F . LetC be such a curve. Take a common resolution µ : Z → X and µ + : Z → X + . We may assume that Exc(µ) is a union of irreducible divisors, say {E i }. Since X and X + are isomorphic in codimension one, Exc(µ) = Exc(µ + ). On can write (µ + ) * L + = µ * L − Σa i E i with non-negative integers a i . In fact, if a j < 0 for some j, then E j should be a fixed component of the linear system |(µ + ) * L + |; but this is a contradiction since L + is (very) ample. One can find a proper curve D on Z such that µ(D) =C and such that
By cutting out E ∞ by g ∞ -very ample divisors of X ∞ , one can find a flat familyC ∞ → T ∞ of (proper) curves in X ∞ /T ∞ in such a way that any irreducible component ofC 0 :=C ∞ ∩ X is not contained in F . LetC η be the generic fiber ofC ∞ → T ∞ . Take a regular proper curve C over k(η) and a k(η)-morphism ι : C →X η so that π η • ι(C) =C η . By the definition of C ∞ , (L η ,C η ) > 0. Now one can get a contradiction by using this curve C in the similar way to (a).
Theorem 19. Let X be a convex symplectic variety with terminal singularities. Let (X, { , }) be the Poisson structure induced by the symplectic form on the regular part. Assume that X an is Q-factorial 3 . Then any Poisson deformation of (X, { , }) is locally trivial as a flat deformation (after forgetting Poisson structure).
Proof. Define a subfunctor
of PD by setting PD lt (S) to be the set of equivalence classes of Poisson deformations of (X, { , }) over Spec(S) which are locally trivial as usual flat deformations. One can check that PD lt has a pro-representable hull. Let X n → T n be an object of PD lt (S n ), where S n := C[t]/(t n+1 ) and T n := Spec(S n ). Write T 
Xn/Tn , O Xn ). Define T (X n /T n ) to be the kernel of the composite
Let PD lt (X n /T n ; T n [ǫ]) be the set of equivalence classes of Poisson deformations of X n over T n [ǫ] which are locally trivial as usual deformations. Here
. Two Poisson deformations of X n over T n [ǫ] are equivalent if there is a Poisson T n [ǫ]-somorphisms between them which induces the identity of X n . Then there is a one-to-one correspondence between T (X n /T n ) and PD lt (X n /T n ; T n [ǫ]).
n /Tn ) is the zero map. In order to do this, for p ∈ Σ(= Sing(X)), take a Stein open neighborhood X an n (p) of p ∈ X n , and put
is the zero map. In fact, on one hand,
Since X is convex, there is a projective birational morphism f from X to an affine variety Y . Take a reflexive sheaf F on X an of rank 1. The direct image f an * F * of the dual sheaf F * is a coherent sheaf on the Stein variety Y an . Hence f an * F * has a non-zero global section; in other words, there is an injection O X an → F * . By taking its dual, F is embedded in O X an . Thus, F = O(−D) for an analytic effective divisor D. So, for any reflexive sheaf F of rank 1, the double dual sheaf (F ⊗m ) * * becomes an invertible sheaf for some m.
by Lemma 12. On the other hand,
By these identifications, the map HP
n /Tn ) coincides with the composite
, where the second map is induced by the spectral sequence
(for details, see the proof of [Na, Lemma 1] ). Let us consider the commutative diagram
Here the second map on the first row is an isomorphism because
Since Codim(Σ ⊂ X) ≥ 3, any line bundle on U an extends to a coherent sheaf on X an . Thus, by the Qfactoriality of X an , the first map on the first row is surjective. If we take X an (p) small enough, then Pic(X an (p)) = 0. Now, by the commutative diagram above, we conclude that
is the zero map. This completes the proof of Lemma 20.
Let us return to the proof of Theorem 19. The functor PD has T 1 -lifting property by Corollary 15. By Lemma 20, PD lt also has T 1 -lifting property. Let R and R lt be the pro-representable hulls of PD and PD lt respectively. Then these are both regular local C-algebra. There is a surjection R → R lt because PD lt is a sub-functor of PD. By Lemma 20, the cotangent spaces of R and R lt coincides. Hence R ∼ = R lt .
Corollary 21. Let Y be an affine symplectic variety with terminal singularities. Let f : X → Y be a crepant, birational, projective morphism such that X has only terminal singularities and such that X an is Q-factorial. Then the following are equivalent.
(a) X is non-singular.
(b) Y is smoothable by a formal Poisson deformation. Remark. When Y has a good C * -action, the corollary holds under the assumption that f is a Q-factorial terminalization (cf. Appendix).
Proof. X and Y are Poisson schemes. The Poisson deformation functors PD X and PD Y have pro-representable hulls R X and R Y respectively (Theorem 14). We put U := (X) reg and V := Y reg . Then, by Lemma 12,
Note that, by Proposition 13, they coincide with PD X (C[ǫ]) and PD Y (C[ǫ]), respectively. By the proof of [Na, Proposition 2], we see that
Let {X n } be the formal versal Poisson deformation over
By taking the spectrums of global sections, one has a formal Poisson deformation {Y n } of Y . Hence, we have a local C-algebra homomorphism R Y → R X . By (*), this is an isomorphism. We identify R X with R Y , and we simply denote it by R. Put B n := Spec(R n ) where R n := R/(m R ) n+1 . Then we get the diagram of B n -schemes:
Its algebraization becomes a morphisms of B ∞ -schemes with B ∞ := Spec(R):
By Theorem 19, X ∞ → B ∞ is a locally trivial deformation of X. Let η be the generic point of B ∞ . Take the generic fibers of over η. Then we have
Every twistor deformation of X associated with an ample line bundle L determines a (non-closed) point ζ L ∈ B ∞ . By Proposition 18, g ζ L is an isomorphism. This implies that g η is an isomorphism. Therefore, Y η is regular if and only if X is non-singular.
Theorem 22. Let X be a convex symplectic variety with terminal singularities. Let L be a (not necessarily ample) line bundle on X. Then the twistor deformation {X n } of X associated with L is locally trivial as a flat deformation.
Proof. Define U n ⊂ X n to be the locus where X n → T n is smooth. We put Σ := Sing(X). For each point p ∈ Σ, we take a Stein open neighborhood p ∈ X n (p) in (X n ) an , and put
This is enough for us to prove that the twistor deformation {X n } is locally trivial. In fact, we have to show that the local Kodaira-Spencer class θ
) is zero. By the same argument as Lemma 16, one can show that
). Now let us consider the commutative diagram induced from the Hodge spectral sequences:
For the existence of the first horizontal map, we use Grothendieck's theorem [G] and the fact H i (U n , O Un ) = 0 (i = 1, 2) (cf. Lemma 12). Since X an n is Cohen-Macaulay and Codim(Σ ⊂ X) ≥ 4, we have
, by the depth argument. This assures the existence of the second horizontal map. The vertical map on the right-hand side is just the composite of the maps 
Since L n is a line bundle of X n and Pic(
Corollary 23. Let Y be an affine symplectic variety. Let
2. X (resp. X ′ ) has only terminal singularities.
3. X (resp. X ′ ) is Q-factorial.
Then X and X ′ have the same kind of singularities. In particular, if X is non-singular, then X ′ is non-singular.
Proof. (i) Since Y is a symplectic variety, outside certain locus at least of codimension 4 (sayΣ), its singularity is locally isomorphic to the product (C n−2 , 0) × (S, 0) (as an analytic space). Here (S, 0) is the germ of a rational double point singularity of a surface (cf. [Ka 2]). We putV := Y −Σ. Since f and f ′ are both (unique) minimal resolutions of rational double points over
(ii) Fix an ample line bundle L of X and let {X n } be the twistor deformation associated with L. This induces a formal deformation
The twistor deformation associated with L and the one associated with L ⊗m are essentially the same. The latter one is obtained from the first one just by changing the parameters t by mt. [Wa] ). SinceV = Y −Σ with codim(Σ ⊂ Y ) ≥ 4, the formal deformation {V n } ofV extends uniquely to that of Y (cf. Proposition 13, (1)). This extended deformation is nothing but {Y n }. On the other hand, the formal deformation {X
Moreover, by Corollary 10, the Poisson deformations of W (resp. W ′ ) are controlled by the cohomology
an , S 1 ), which implies that W 2 and W ′ 2 coincide. By the similar inductive process, one concludes that {W n } and {W ′ n } coincide. The formal deformation {W ′ n } of W ′ induces a formal deformation {V ′ n } ofV , which coincides with {V n }. So the extended deformation {Y ′ n } also coincides with {Y n }.
be the algebraizations of
Lemma 25. X η is also Q-factorial. Proof. Let D be a Weil divisor of X η . Since X η is an open subset of X ∞ , one can extend D to a Weil divisorD of X ∞ by taking its closure. The restriction ofD to X defines a Weil divisorD| X . Note that the support of D| X isD ∩ X and the multiplicity on each irreducible component is well determined becauseD is a Cartier divisor at a regular point of X. Let m > 0 be an integer such that m(D| X ) is a Cartier divisor. Let O(mD) be the reflexive sheaf associated with mD and let O(mD| X ) be the line bundle associated with mD| X . By [K-M, Lemma (12.1.8)],
In particular, O(mD) is a line bundle around X. Therefore, mD is a Cartier divisor on some Zariski open neighborhood of X ⊂ X ∞ . Let Z be the nonCartier locus of mD.
We shall prove that, in fact, g ∞ (Z) = ∅; hence Z = ∅. We actually claim that any non-empty closed subset F of Y ∞ intersects Y . By the definition Y ∞ can be described in the following way. For each n ≥ 0, there is a C[t]/(t n+1 )-algebra A n and an exact sequence of 5 Appendix (A.1) Let Y := Spec R be an affine variety over C. A C * -action on Y is a homomorphism C * → Aut C (R) induced from a C-algebra homomorphism
More exactly, a C-valued point of C * is regarded as a surjection of C-algebras:
is an element of Aut C (R). If this correspondence gives a homomorphism C * → Aut C (R), we say that R (or Y ) has a C * -action. A C * -action on Y is called good if there is a maximal ideal m R of R fixed by the action and if C * has only positive weight on m R . Next let us consider the case where Y is the spectrum of a local complete C-algebra R with
. Then the C * -action is called good if C * has only positive weight on the maximal ideal of R.
Lemma (A.2). Let (A, m) be a complete local C-algebra with a good C * -action. Assume that A/m = C. Let R be the C-vector subspace of A spanned by all eigen-vectors in A. Then R is a finitely generated C-algebra with a good C * -action. Moreover,R = A whereR is the completion of R with the maximal ideal m R .
Proof. Since A/m k (k ≥ 1) are finite dimensional C-vector spaces, they are direct sum of eigen-spaces with non-negative weights:
The natural maps (A/m k ) w → (A/m k−1 ) w are surjections for all k. Since m/m 2 is also decomposed into the direct sum of eigen-spaces, one can take eigen-vectorsφ i , (i = 1, 2, ..., l) as a generator of m/m 2 . We put w i := wt(φ i ) > 0. One can liftφ i to φ i ∈ lim(A/m k ) w i by the surjections above. Since A is complete, φ i ∈ A and wt(φ i ) = w i . Put w min := min{w 1 , ..., w l } > 0. We shall prove that R = C[φ 1 , ..., φ l ]. Let ψ ∈ A be an eigen-vector with weight w. Take an integer k 0 such that ψ ∈ m k 0 and ψ / ∈ m k 0 +1 . Since every element of m k 0 /m k 0 +1 can be written as a homogenous polynomial of φ = (φ 1 , ...,φ l ) of degree k 0 , we see that
for some homogenous polynomial f k 0 of degree k 0 . We continue the similar approximation by replacing ψ with ψ − f k 0 (φ). Finally, for any given k, we have an approximation
Assume here that k > w/w min . We set
r+1 also has weight w. On the other hand, every non-zero eigen-vector in m r /m r+1 has weight at least rw min . Hence w ≥ rw min , but this contradicts that r ≥ k > w/w min . Therefore, ψ = ψ ′ mod m r for any r.
This implies that R = C[φ 1 , ..., φ l ]. Let m R ⊂ R be the maximal ideal generated by φ i 's. Let R k be the C-vector subspace of m k (⊂ A) spanned by the eigen-vectors. The argument above shows that
Here the 2-nd last equality holds because {(m k /m k+i ) w } i satisfies the MittagLeffler condition. This implies thatR = A.
(A.3) Let R be a integral domain finitely generated over C or a complete local C-algebra with residue field C. Assume that R has a good C * -action. Let M be a finite R-module. We say that M has an equivariant C * -action if, for each σ ∈ C * , we are given a map
with the following properties:
We say that a non-zero element x ∈ M is an eigen-vector if there exists an integer w such that φ σ (x) = σ w x for all σ ∈ G.
Let M and N be R-modules with equivariant C * -actions. Then an Rhomomorphism f : M → N is an equivariant map if f is compatible with both C * -actions.
Lemma (A.4). Let A and R be the same as Lemma (A.2). Let M be a finite A-module with an equivariant C * -action. Define M R to be the C-vector subspace of M spanned by the eigen-vectors of M. Then M R is a finite R-module with an equivariant C * -action. Moreover,
Proof. The idea is the same as Lemma (A.2). The finite dimensional C-vector space M/m k M is the direct sum of eigen-spaces. Thus, for each weight w,
.., r) be the eigen-vectors which generate M/mM. We liftx i to x i ∈M by the surjections above. SinceM = M, x i are eigenvectors of M. We set u i := wt(x i ) and u min := min{u 1 , ..., u r }. We shall prove that M R is generated by {x i } as an R-module. Let y ∈ M be an eigen-vector with weight u. Take an integer k 0 such that y ∈ m k 0 M and y / ∈ m k 0 +1 M. Let us consider the surjection
As in the proof of Lemma (A.2), every element of m k 0 /m k 0 +1 is written as a homogenous polynomial of φ 1 , ..., φ l of degree k 0 , where φ i are certain eigen-vectors contained in R. We put w min := min{wt(φ 1 ), ..., wt(φ l )} > 0. On the other hand, M/mM is spanned by x i 's. Thus,
where r i are homogenous polynomials of degree k 0 such that wt(r i (φ)) + u i = u. We write g k 0 for the right-hand side for short. Now, we have y − g k 0 ∈ m k 0 +1 M. By replacing y with y −g k 0 , we continue the similar approximation. Finally, for any k, we have an approximation:
By the construction, y −Σ k 0 ≤i≤k−1 g i is an eigen-vector with weight u. In par-
On the other hand, every non-zero eigen-vector of m k M/m k+1 M has weight at least kw min +u min .
If we take k sufficiently large, then kw min + u min > u. This implies that [y − Σ k 0 ≤i≤k−1 g i ] = 0. Repeating the same, we conclude that, for any r > k,
This implies that, in M, y = Σ k 0 ≤i≤k−1 g i .
Thus, M R is generated by {x i } as an R-module. Let M k be the subspace of M spanned by the eigen-vectors in m k M. Then the argument above shows that
In order to prove that M R has an equivariant C * -action, we have to check that
Proposition (A.5). Let A be a local complete C-algebra with residue field C and with a good C * -action. Let f : X → Spec(A) be a C * -eqivariant projective morphism and let L be an f -ample, C * -linearized line bundle. Let R be the same as Lemma (A.2). Then there is a C * -equivariant projective morphism f R :
If necessary, by taking a suitable multiple L ⊗m , we may assume that A * := ⊕ i≥0 A i is generated by A 1 as an A 0 (= A)-algebra. By Lemma (A.4), we take a finite R-module A i,R such that
becomes a graded R-algebra. We shall check that (A * ) R is a finitely generated R-algebra. In order to do this, we only have to prove that (A R ) * is generated by A 1,R as an R-algebra since A 1,R is a finite R-module. Let us consider the n-multiplication map
Let M be the cokernel of this map. Since m n is a C * -equivariant map, M is a finite R-module with an equivariant C * -action. Taking the tensor product ⊗ R A with m n , we get the n-multiplication map for A * ; but this is surjective by the assumption. Therefore,M := M ⊗ R A = 0. The support of M is a closed subset of Spec(R), stable under the C * -action. SinceM = 0, this closed subset does not contain the origin 0 ∈ R; hence it must be empty because R has a good C * -action. Finally it is clear that (A R ) * ⊗ R A = A * by the construction.
Proposition (A.6). Let f : X → Spec(A) and f R : X R → Spec(R) be the same as Lemma (A.5). Let F be a coherent sheaf of X with a C * -linearization. Then there is a C * -linearized coherent sheaf
. Then the coherent sheaf F can be written as
Let us write M i for Γ(X, F (i)). By Lemma (A.4), there is a finite R-module
We shall prove that (M * ) R := ⊕ i≥0 M i,R is a finite (A * ) R -module. There is an integer n 0 such that, for any i ≥ n 0 , and for any j ≥ 0, the multiplication map
is surjective. For the same i, j, let us consider the R-linear map
Let N be the cokernel of this map. Since this R-linear map is compatible with the C * -action on R, N is a finite R-module with an equivariant C * -action. By the choice of i and j,N := N ⊗ R A is zero. This implies that N = 0.
Proposition (A.7) Let Y be an affine symplectic variety. Assume that Y has a good C * -action with a fixed point 0 ∈ Y . Assume that, in the analytic category, Y an admits a crepant, projective, partial resolutionf : X → Z such that X has only terminal singularities. Then, in the algebraic category, Y admits a crepant, projective, partial resolution f : X → Y such that X an = X and f an =f .
Proof. (STEP 1): We shall prove that the C * -action of Y an lifts to X . Since Y an is symplectic, one can take a closed subset Σ of Y an , stable under the C * -action and codim(Σ ⊂ Y an ) ≥ 4, such that the singularities of Y an −Σ are local trivial deformations of two dimensional rational double points. We put Y 0 := Y an − Σ. Sincef is the minimal resolution over Y 0 , the C * -action on Y 0 extends to X 0 :=f −1 (Y 0 ). Note that, in X , X − X 0 has codimension at least two by the semi-smallness off ( [Na 3] ). The C * -action defines a holomorphic map
and this extends to a meromorphic map
Let us prove that σ t : X − − → X , which is an isomorphism in codimension one, is actually an isomorphism everywhere for each t ∈ C * . Let L be an f -ample line bundle on X . We put L
is discrete, L t are allf -ample. This implies that σ t are all isomorphisms and σ is a holomorphic map. One can check that σ gives a C * -action because it already becomes a C * -action on X 0 .
(STEP 2): Let Y n be the n-th infinitesimal neighborhood of Y an at 0, which becomes an affine scheme with a unique point 0. We put X n := X × Y an Y an n . By GAGA, there are projective schemes X n over Y n such that (X n ) an = X n . Fix anf -ample line bundle L on X . Again by GAGA, it induces line bundles L n on X n . The C * -action on X induces a C * -action on X n for each n. This action induces an algebraic C * -action of X n . In fact, the C * -action of X originally comes from an algeraic C * -action on Y , the holomorphic action map C * × X → X extends to a meromorphic map
Thus, the holomorphic action map C * × X n → X n extends to a meromorphic map
Thus, by GAGA, we have a rational map
which resticts to an algebraic C * -action on X n . Let us regard {X n } and {Y n } as formal schemes and {f n : X n → Y n } as a projective equivariant morphism of formal schemes with C * -actions. PutÂ := lim O Yn,0 andŶ := Spec(Â). Then, by [EGA III], Theoreme 5.4.5, the projective morphism of formal schemes can be algebraized to a projective equivariant morphism of schemeŝ f :X →Ŷ .
The affine schemeŶ admits a C * -action coming from the original C * -action on Y , which is compatible with the C * -action on {Y n }. The C * -action on {X n } naturally lifts toX in such a way thatf becomes a C * -equivariant morphism. In fact, let σ n : C * × X n → X n be the C * -action on X n . Let us consider the morphism (of formal schemes):
Here we regard the first factor (resp. the second factor) as a C * × {Y n }-formal scheme by id × ({f n } • {σ n }) (resp. id × {f n }). Then the morphism above is a C * × {Y n }-morphism. By [ibid, Theoreme 5.4.1], this morphism of formal schemes extends to a C * ×Ŷ -morphism
where the factor (resp. the second factor) is regarded as a C * ×Ŷ -scheme by id×f •σ (resp. id×f ). The extended morphism gives a C * -action C * ×X → C * ×X p 2
→X.
5× means the formal product. Let B be the completion ofÂ[t, 1/t] by the ideal mÂ[t, 1/t] where m ⊂Â is the maximal ideal. Then C * ×Ŷ = Spec(B). The scheme C * ×X is defined as the fiber product of C * ×X → C * ×Ŷ and C * ×Ŷ → C * ×Ŷ .
Moreover, {L n } is algebraized to anf-ample line bundleL onX ([ibid, Theoreme 5.4.5] ). Since L is fixed by the C * -action on X ,L is also fixed by the C * -action onX.
Lemma (A.8). Letf :X →Ŷ be a C * -equivariant projective morphism whereŶ = Spec(Â) with a complete local C-algebraÂ withÂ/m = C. Assume thatf * OX = OŶ . LetL be anf -ample line bundle onX fixed by the C * -action. ThenL ⊗m can be C * -linearized for some m > 0. Moreover, in this case, any C * -fixed line bundle M onX is C * -linearized after taking a suitable multiple of M.
Proof. We only have to deal with anf-ample line bundleL. In fact, let M be an arbitrary line bundle onX fixed by the C * -action. Then M ⊗L ⊗r becomesf -ample for a sufficiently large r. If we could prove the lemma for f -ample line bundles, then M ⊗m ⊗L ⊗rm is C * -linearized. SinceL ⊗rm is also C * -linearized, M ⊗m is C * -linearized. We assume thatL isf-very ample andX is embedded into PÂ(H 0 (X,L)) as aŶ -scheme, where H 0 (X,L) is a freeÂ-module of finite rank, say n. Since C * acts onÂ, we regard C * as a subgroup of the automorphism group of the C-algebraÂ. Let σ ∈ C * and let M be anÂ-module. Then a C-linear map φ : M → M is called a twisted A-linear map if there exists σ ∈ C * and φ(ax) = σ(a)φ(x) for a ∈Â and for x ∈ M. Now let us consider the case M = H 0 (X,L), which is a freê A-module of rank n. We define G(n,Â) to be the group of all twistedÂ-linear bijective maps from H 0 (X,L) onto itself. One can define a surjective homomorphisms G(n,Â) → C * by sending φ ∈ G(n,Â) to the associated twisting element σ ∈ C * . Note that this homorphism admits a canonical splitting ι : C * → G(n,Â) defined by ι(σ)(x 1 , ..., x n ) := (σ(x 1 ), ..., σ(x n )). There is an exact sequence 1 → GL(n,Â) → G(n,Â) → C * → 1.
Let us denote byÂ * the multiplicative group of units ofÂ. One can embedÂ * diagonally in GL(n,Â); hence in G(n,Â). ThenÂ * is a normal subgroup of G(n,Â). The group P G(n,Â) := G(n,Â)/Â * acts faithfully on H 0 (X,L) − {0}/Â * . On the other hand, define S(n,Â) to be the subgroup of G(n,Â) generated by SL(n,Â) and ι(C * ) There are two exact sequences 1 → SL(n,Â) → S(n,Â) → C * → 1, and 1 → P GL(n,Â) → P G(n,Â) → C * → 1.
SinceÂ is a complete local ring and its residue is an algebraically closed field with characteristic 0, the canonical map SL(n,Â) → P GL(n,Â) is a surjection; hence the composed map S(n,Â) → G(n,Â) → P G(n,Â) is surjective. Let us start the proof. Note that H 0 (X,L)−{0}/Â * is identified with the space of Cartier divisors whose associated line bundle isL. SinceL is fixed by the C * -action, the C * action onX induces a C * action on H 0 (X,L)−{0}/Â * . This action gives a splitting α : C * → P G(n,Â) of the exact sequence above. We want to lift the map α to S(n,Â). We put H := ϕ −1 (α(C * )), where ϕ : S(n,Â) → P G(n,Â) is the quotient map. Since Ker(ϕ) = µ n , H is an etale cover of C * . Now H acts on H 0 (X,L). The H naturally acts on the n-th symmetric product S n (H 0 (X,L)), where µ n acts trivially. Therefore, we get a C * -action on S n (H 0 (X,L)). This C * -action induces a C * -linearization of O P(H 0 (X,L) (n). SinceL ⊗n is the pull-back of this line bundle by the C * -equivariant embeddingX → P(H 0 (X,L)),L ⊗n has a C * -linearization.
By the lemma above,L ⊗m is C * -lineraized for some m > 0. Now one can writeX = ProjÂ ⊕ n≥0f * L ⊗nm , where eachf * L ⊗nm is anÂ-module with C * -action. Since Y has a good C * -action, there exists a projective C * -equivariant morphism f : X → Y such that X × YŶ =X by Proposition (A.5).
(STEP 3): We shall finally show that X an = X and f an =f . The formal neighborhoods of X an and X along f −1 (0) are the same. By [Ar] , the bimeromorphic map X an − − → X is an isomorphism over a small open neighborhood U of 0 ∈ Y an . But, since Y an has a good C * -action and this action lifts to both X an and X , the bimeromorphic map must be an isomorphism over Y an .
Proposition (A.9). Let Y = Spec(A) be an affine variety with a good C * -action and let f : X → Y be a birational projective morphism with X normal. Assume that Y has only rational singularities, and X is Q-factorial. Then X an is Q-factorial.
Proof. Let g : Z → Y be a C * -equivariant projective resolution. Let 0 ∈ Y be the fixed origin of the C * -action and letŶ := Spec(Â) whereÂ is the completion of A at 0. We putẐ := Z × YŶ and denote byĝ :Ẑ →Ŷ the induced morphism. Since Y has only rational singularities, Pic(Z an ) ∼ = H 2 (Z an , Z), which is discrete. Hence every element L ∈ Pic(Z an ) is fixed by the C * -action. Take an arbitrary line bundle L. We shall prove that, for some m > 0, L ⊗m comes from an algebraic line bundle. As in the proof of Proposition 26, L defines a line bundleL onX. By Lemma (A.8 Corollary (A.10). Let Y be an affine symplectic variety with a good C * -action. Then the following hold.
(i) If f : X → Y is a Q-factorial terminalization, then X an is Q-factorial as an analytic space.
(ii)Iff : X → Y an is a Q-factorial terminalization as an analytic space, then there is a projective birational morphism f : X → Y such that X an = X and f an =f .
